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ON SCHRODINGER-VIRASORO TYPE LIE CONFORMAL 

ALGEBRAS 

YANYONG HONG 


Abstract. In this paper, two new classes of Schrodinger-Virasoro type Lie 
conformal algebras TSV (a, b) and TSV (c) which are non-simple are introduced 
for some a, 6, c G C. Moreover, central extensions, conformal derivations and 
free conformal modules of rank 1 of TSV (a, b) and TSV{c) are determined. 


1. Introduction 

Lie conformal algebra introduced by V.Kac in m, E] is an axiomatic descrip¬ 
tion of the operator product expansion (or rather its Fourier transform) of chiral 
fields in conformal field theory. It plays important roles in quantum field theory, 
vertex algebras and infinite-dimensional Lie algebras satisfying the locality property 
in m- Moreover, Lie conformal algebras have close connections to Hamiltonian 
formalism in the theory of nonlinear evolution equations (see the book [5] and 
references therein, and also [3 [3 [H [H] and many other papers). 

A Lie conformal algebra is said to be finite if it is finitely generated as a C[9]- 
module. There are two important examples of finite Lie conformal algebras. One 
example is the Virasoro Lie conformal algebra Vir. It is defined by 

Vir = C[d]L, [L),L] = {d + 2X)L. 

It should be pointed out that a torsion-free Lie conformal algebra of rank 1 is 
either trivial or isomorphic to Vir (see 0)- The other example is the current Lie 
conformal algebra associated with a finite dimensional Lie algebra. Let g be a 
finite dimensional Lie algebra. The current Lie conformal algebra associated to g 
is defined by: 

Curg = C[9] (8> g, [oa^] = [a, b], a,b € Q. 

It is shown in [5] that Vir and all current Lie conformal algebras Curg where g 
is a finite dimensional simple Lie algebra exhausts all finite simple Lie conformal 
algebras. Moreover, all irreducible finite conformal modules of finite simple Lie 
conformal algebras are determined in [1] and cohomology groups of finite simple 
Lie conformal algebras with some conformal modules are characterized in [5]. 

As for finite non-simple Lie conformal algebras, there are few examples and re¬ 
lated results. Only recently, Su and Yuan in m investigate two new non-simple 
Lie conformal algebras which are obtained from Schrodinger-Virasoro Lie alge¬ 
bra and the extended Schrodinger-Virasoro Lie algebra. Similarly, a Schrodinger- 
Virasoro type Lie conformal algebra obtained from a twisted case of the deforma- 
tive Schrodinger-Virasoro Lie algebra are studied in m- In fact, their methods 
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are the same, i.e. to construct Lie conformal algebras from some known formal 
distribution Lie algebras (see [10]). In addition, a classification of the torsion-free 
Lie conformal algebras of rank 2 is presented in |^. In this paper, we plan to 
present a generalization of Schrodinger-Virasoro Lie conformal algebra in |14j and 
the Schrodinger-Virasoro type Lie conformal algebra introduced in |15j from the 
point of view of Lie conformal algebra. Through this generalization, we obtain 
two new classes of non-simple Lie conformal algebras of rank 3, i.e. TSV{a, b) and 
TSV{c). Moreover, central extensions, conformal derivations and free conformal 
modules of rank I of TSV{a,b) and TSV{c) are determined. These results will 
enrich the theory of finite non-simple Lie conformal algebra. 

This paper is organized as follows. In Section 2, we introduce some definitions, 
notations and some results about Lie conformal algebras. In Section 3, two new 
classes of Schrodinger-Virasoro type Lie conformal algebras TSV{a, b) and TSV{c) 
are presented. In Section 4, central extensions of TSV{a,b) and TSV{c) by a 
one-dimensional center are determined. In Section 5, we characterize conformal 
derivations of TSV{a,b) and TSV{c). Moreover, free conformal modules of rank 
one of TSV{a, b) and TSV{c) are investigated. 

Throughout this paper, denote by C the field of complex numbers; N is the set 
of natural numbers, i.e., N = {0,1, 2, • • • }; Z is the set of integer numbers. 

2. Preliminaries 

In this section, we will recall some definitions, notations and some results about 
Lie conformal algebras. These facts can be referred to nnj. 

Definition 2.1. A Lie conformal algebra i? is a C[9]-module with a A-bracket [•>•] 
which defines a C-bilinear map from i? 0 i? —?> i?[A], where i?[A] = i? ® C[A] is the 
space of polynomials of A with coefficients in R, satisfying 

[cfoA^] = —A[aA&], [uA^fe] = (A-|-9)[aAl)], (conformal sesquilinearity) 

[aA&] = -[&_A-aa], (skew-symmetry) 

[aA[&/.«c]] = [[aA&]A+/iC] -I- [6^[aAc]], (Jacobi identity) 

for a, b, c G R. 

A Lie conformal algebra is called finite if it is finitely generated as a C[9]-module. 
The rank of a Lie conformal algebra R is its rank as a C[9]-module. We say a Lie 
conformal algebra R is torsion-free just means that i? as a C[9]-module is torsion- 
free. Since C[cl] is a principle ideal domain, a finite torsion-free Lie conformal 
algebra R is free as a C[cI]-module. 

In addition, given a Lie conformal algebra R, there is an important infinite¬ 
dimensional Lie algebra associated with it. Set [oa^] = X^ngN Coeff(i?) 

be the quotient of the vector space with basis On {a G R,n G Z) by the subspace 
spanned over C by elements: 

(aa)n — aon, (a -G b)n — an — bn, {da)n + non-i, where a, b G R, a G C, n Gh. 
The operation on Coeff(i?) is defined as follows: 

( 2 . 1 ) \am,bn\ = ( 7 ) 

76N a 4 / 
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Then, Coeff(i?) is a Lie algebra and it is called the coefficient algebra of R (see 

[ID]). 

For example, Coeff(Vir) is isomorphic to Witt algebra and CoefF(Cur 0 ) is just 
the loop algebra associated with g. 

In fact, Vir and Curg belong to a class of special Lie conformal algebras named 
quadratic Lie conformal algebras (see [16]L Next, we introduce the definition of 
quadratic Lie conformal algebra. 

Definition 2.2. R is a quadratic Lie conformal algebra, if i? = C[i9]y is a Lie 
conformal algebra as a free C[9]-module and the A-bracket is of the following form: 

= du + Xv + w, 

where a, b, u, v, w € V. 

For giving an equivalent characterization of quadratic Lie conformal algebra, we 
present the definitions of Novikov algebra and Gel’fand-Dorfman bialgebra. 

Definition 2.3. A Novikov algebra A is a vector space over C with a bilinear 
product o ■. Ax A ^ A satisfying (for any a, b, c € A): 

(2.2) (a o 5) o c — a o (6 o c) = (6 o a) o c — 6 o (a o c), 

(2.3) (a o 6 ) o c = (ao c) ob. 

Remark 2.4. Novikov algebra was essentially stated in [7] that it corresponds to 
a certain Hamiltonian operator. Moreover, it also appeared in [3] from the point 
of view of Poisson structures of hydrodynamic type. The name “Novikov algebra” 
was given by Osborn in [Si- 

Definition 2.5. (see [7] or [IS]) A Gelfand-Dorfman hialgebra A is a vector space 
over C with two algebraic operations and o such that (A, [-,•]) forms a Lie 
algebra, (A, o) forms a Novikov algebra and the following compatibility condition 
holds: 

(2.4) [a o 6 , c] — [a o c, b] + [a,b] o c — [a, c\ o b — a o [ 6 , c] = 0, 

for a, b, and c S A. We usually denote it by (A, o, [•, •]). 

An equivalent characterization of quadratic Lie conformal algebra is given as 
follows. 

Theorem 2.6. (see [7] or m) R = C[9]P is a quadratic Lie conformal algebra if 
and only if the X-hracket of R is given as follows 

[oa6] = d{b o a) + [b, a] + X{b * a), where a*b = aob + boa for a, b gV, 

and {y, o, [•, •]) is a Gelfand-Dorfman bialgebra. Therefore, R is called the quadratic 
Lie conformal algebra corresponding to the Gelfand-Dorfman bialgebra {V,o, [-,-]). 

Finally, we introduce the definition of conformal module. 

Definition 2.7. A conformal module M over a Lie conformal algebra i? is a C[cl]- 
module endowed with the A-action a\v which defines a C-bilinear map R® M ^ 
M[A] such that 

{da)xv = -Xa\v, ax{dv) = (A + d)axv, 
axib^v) - bffiaxv) = [axb]x+).cV, 


for all a, b G R, V G M. 
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If M is finitely generated over C[5], then M is called finite. The rank of a Lie 
conformal algebra R is its rank as a C[9]-module. 

In the following, we will simply call a “conformal module” a “module”. And, for 
any Lie conformal algebra R, “ii-module” just means “conformal module of i?”. 
For the Virasoro Lie conformal algebra Vir, it is known from [4] that 

Proposition 2 . 8 . All free non-trivial Vir-modules of rank one over C[i9] are as 
follows (a, j3 €<C): 

= C[9]u, L\v = (9 + oA + l3)v. 

This module is irreducible if and only if a is non-zero, and all irreducible Vir- 
modules are of this kind. 

3. Two CLASSES OF SCHRODINGER-ViRASORO TYPE LlE CONFORMAL 

ALGEBRAS 

In this section, we will introduce two new classes of Schrodinger-Virasoro type 
Lie conformal algebras from the point view of Lie conformal algebra. 

First, let us recall the Schrodinger-Virasoro Lie conformal algebra (see M) and 
the Schrodinger-Virasoro type Lie conformal algebra introduced in m- 

The Schrodinger-Virasoro Lie conformal algebra is SV = C[d]L(BC[d]M(BC[d]Y 
with the following non-trivial A-brackets: 

(3.1) [L^L] = {d + 2X)L, [LaV] = {d + ^A)V, 

(3.2) [YxY] = {d + 2\)M, [LxM] = {d + X)M. 

It is obtained from the Schrodinger-Virasoro Lie algebra. 

The Schrodinger-Virasoro type Lie conformal algebra introduced in [TS] is DSV = 
C[9]L © C[d]M © C[9]V with the following non-trivial A-brackets: 

(3.3) [LxL] = id + 2X)L, [LxY] = dY, 

(3.4) [VaA"] = (5 + 2X)M, [LxM] = {d - 2X)M. 

Obviously, SV and DSV are two non-simple torsion-free Lie conformal algebras 
of rank 3. Moreover, in both algebras, €.\d]L is the Virasoro Lie conformal algebra, 
and C[d]M and C[(9]F are non-trivial modules of C[9]L. Base on these facts, we 
begin to give a generalization of SV and DSV. 

Set TSV = C[d]L © C[d]M © €.[d]Y . Let C.[d]L be the Virasoro Lie conformal 
algebra. Assume that C[9]M and C[9]V are non-trivial modules of €.\d]L. Ac¬ 
cording to SV and DSV, we also set [VaA/"] = [MxM] = 0. Moreover, with these 
assumptions and by Proposition [2j8l we set the A-brackets on TSV as follows: 

(3.5) [LxL\ = {d + 2X)L, [LxY] = [8 Y aiX + a 2 )Y, 

(3.6) [LxM] = (a + fiiX + / 32 )M, [Fa^^] = (5 + 7iA + 72 )^, 

(3.7) [YxM] = [MxM] = 0, 

for some Oi, 02 , fii, 82 , 7 i, 72 S C. 

Theorem 3.1. TSV is a Lie conformal algebra with the X-brackets given by \3.5\) - 
jS.l^ if and only i/71 = 2, 72 = 0 , ^2 = 2a2 and fii = 2(ai — 1). 
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Proof. According to [IaF] = —[Y-\-gY], it is easy to obtain 71 = 2 and 72 = 0. 
Then, by the assumption on TSV, we only need to check that whether the Jacobi 
identity holds when a = L^b = c = Y. Taking a = L, 6 = 1", c = T in the Jacobi 
identity and using by comparing the coefficients of M, we obtain 

(3.8) ((9 + A + 2iY)(^d + /3iA + P 2 ) — ((o^i — 1)A — A* + 0 i 2 ){d + 2A + 2^) 

+ (9 + Q!iA + + o!2)id + 2 ii). 

By comparing the coefficients of 9^, Xd, ^d, A^, X^, A, d, A°, (j3.8l) holds if 

and only if P 2 = 2 a 2 , /3i = 2 (q;i — 1). Thus, this theorem holds. □ 

Then, for the readers’ convenience, we present the following definition in detail. 

Definition 3.2. TSV {a, b) = C[9]L © C[d]M © C[i9]y is a Lie conformal algebra 
with the following A-brackets: 

(3.9) [LxL] = {d + 2X)L, [L^Y] = {d + aX + b)Y, 

(3.10) [LxM] = {d + 2{a - 1)A + 2b)M, [FaT] = (9 + 2A)M, 

(3.11) [FaM] = [MaM] = 0, 
for some a, b € C. 

Remark 3.3. When a = |, & = 0, TS'F(|,0) is just the Schrodinger-Virasoro 
Lie conformal algebra studied in [Tl]; when a = b = 0, TSV(0,0) is just the 
Schrodinger-Virasoro type Lie conformal algebra studied in [Ill- 

Remark 3.4. Obviously, TSV{a,b) is a quadratic Lie conformal algebra corre¬ 
sponding to the 3-dimensional Gel’fand-Dorfman bialgebra V (a, b) = CL © CF © 
CM with the Novikov operation “o” and the Lie bracket defined as follows: 

(3.12) LoL = L, L o F = (a - 1)F, YoL = Y, LoM ={2a- 3)M, 

(3.13) MoL = M, YoY = M, YoM = MoY = MoM = 0, 

(3.14) [L, L] = [F, F] = [F, M] = [M, M] = 0, [L, F] = -bY, [L, M] = -2bM. 

Remark 3.5. In fact, in a general case, we can assume that [FaF] = P(A, d)M 
in for some non-zero element P{X,d) € C[A,9]. By the skew-symmetry, we 
obtain 

(3.15) P{X,d) = -P{-X-d,d). 

Let Q(A, d) = P{X, —X—d). By (13.151) . we get Q{X, —X — d) = —Q{—X — d, A). Then, 
letting X = X,y = -X-d, Q{x,y) = -Q{y,x). Therefore, Q{x,y) = {x — y)S{x,y), 
where S{x,y) is a symmetric polynomial. Then, by the Jacobi identity holds when 
a = L,b = Y,c = Y, we obtain 

(3.16) 

S{y,, —A — fjL — d){d + A + 2yL){d + /3iA + /32) = ((cm — 1)A — y. -\- q;2)(9 + 2A + 2y)- 
S{X + /i, —A — y — 9) + (i9 + ofiA y oi 2 ){d + 2y)S[y, —y — d). 

However, it seems impossible to give all solutions of the equation directly. But, 
when the degree m of S{x,y) is fixed, by comparing the coefficients of 9* for i G 
[0, m + 2], we can determine all solutions of (13.161) . Of course, when m is large, the 
computation is complicated. 

For example, when S{x,y) is a symmetric ploynomial of degree one, we set 
S{x,y) = x + y + b where 6 G C. Then, taking it into (I3.16L by some computations, 








6 


YANYONG HONG 


we can immediately obtain /3i = 0, /32 = 2a2, ai = |, 5 = —2 q! 2- Therefore, 
P{X,d) = id + 2X){-d-2a2). 

By the above discussion in Remark 13.51 we obtain the following Lie conformal 
algebra. 

Definition 3.6. TSV{c) = C[i9]L©C[9]M©C[9]T is a Lie conformal algebra with 
the following A-brackets: 

(3.17) [L^L] = {d + 2X)L, [L^Y] = (9 + ^A + c)y, 

(3.18) [LxM] = {8 + 2c)M, [FaT] = {8 + 2X){-8 - 2c)M, 

(3.19) [YxM] = [MxM] = 0, 
for some c G C. 

Remark 3.7. By the definition of coefficient algebra of a Lie conformal algebra, 
Coeff(TS'R(a, 6)) = ©igzCLi ©igz CF ©zgz CMi is an infinite-dimensional Lie 
algebra with the following Lie brackets (the other Lie brackets vanishing): 

[Lm, Lyj] — {jn Fi] — l) 7T,)Fn+n —1 “t“ l^Fn+n; 

[Lm, Mn] = (m(2o - 3) - n)Mm+n-l + 2bMm+n, [Ym, F„] = (m - n)Mm+n-l- 

Similarly, Coeff(TS'F(c)) = ©igzCLi©igzCF©jgzCMi is an infinite-dimensional 
Lie algebra with the following Lie brackets (the other Lie brackets vanishing): 

Tfl 

[Ltti, Lyj] = {jn 'n^LYn+n — lt [Yrm Fi] — ("^ ‘^)Fn-t-n —1 T cFn-t-ni 

= (m + Ti^AI^^n—1 T ‘2iclv[ 

[Fn, Yn] = (m - n){m + n- l)Mm+n -2 + “^cin - m)Mm+n-l- 

4. Central extensions of TSV{a,b) and TSV{c) 

In this section, we will study central extensions of TSV{a,b) and TSV{c) by a 
one-dimensional center Cc. 

An extension of a Lie conformal algebra R by an abelian Lie conformal algebra 
C is a short exact sequence of Lie conformal algebras 

R is called an extension of i? by C in this case. This extension is called central if 
8 C = 0 and [CaR] = 0. 

In the following, we focus on the central extension i? of i? by a one-dimensional 
center Cc. This implies that R = R® Cc, and 

= [axb]R + oi\{a, b)c, for all a, b € R, 

where a a : i? x i? —> C[A] is a C-bilinear map. By the axioms of Lie conformal 
algebra, ax should satisfy the following properties (for all a, b, c £ R) : 

(4.1) ax{da, b) = -Xax(a, b) = -ax{a, 8b), 

(4.2) ax{a,b) =-a-x{h,a), 

(4.3) aA(a, [&^c]) - a^(6, [oac]) = aA+^([aA6], c). 

Since TSV(a,b) is a quadratic Lie conformal algebra, for studying its central 
extensions, we recall a proposition. 
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Proposition 4.1. (see 0 ; Let R = R (B Cc be a central extension of quadratic 
Lie conformal algebra R = C[5]P corresponding to {V,o, [•, •]) by a one-dimensional 
eenterCc. Set the X-braeket of R by 

(4.4) [aA&] = d{b o a) + A(a * &) + [b, a] + ax{a, b)c, 

where a, b G V and ax{a,b) G C[A]. Assume that ax(fl,b) = 'Y^((-QX'‘ai{a,b) for 
any a, b G V, where there exist some a, b G V such that an{a,b) ^ 0. Then, we 


obtain (for any a, b, 

cGV) 





( 1 ) Ifn 

> 3 , a„(a 0 6 

s c) = c 

'; 




( 2 ) Ifn 

< 3 , 







( 4 . 5 ) 

ai{a, 

b) = {- 

-iy^^ai{b, a 

), for any i 

:e{o,i, 2 , 3 }, 


( 4 . 6 ) 

03(0 

,cob)-- 

= asia 

ob,c) 

= 03(60 a, 

c), 


( 4 . 7 ) 

02(0 

,cob) +03(0, 

[c,6]) 

= 02(0 0 6, 

c) + a3([6, a],c] 

5 

( 4 . 8 ) 

02(0 

, 6 * c) + 02(6 c 

) a, c) 

= 202(0 0 t 

',c) + 3o3([6,a], 

,c), 

( 4 . 9 ) 

ai(a 

, c 0 6) + 02(0, 

[c,b]) 

= Oi(a 0 6, 

c) + a2([6, a],c) 

5 

( 4 . 10 ) 

ai(a 

,b*c) - 

- ai(6, 

a* c) 

= —oi(6 0 ( 

3, c) + ai(a 0 6 , 

c) + 2o2([6,a],c) 

( 4 . 11 ) 

ao(« 

, c 0 6) + ai(a, 

[c,b]) 

— Oo(6, a * 

c) = ao(a 0 6, c) 

+ Oi([6,a],c), 

( 4 . 12 ) 

Oo {a 

. [c,b]) - 

- ao(6, 

[c, a]) 

= oo([6, a], 

c). 



Then, central extensions of TSV{a, b) by a one-dimensional center Cc are char¬ 
acterized as follows. 

Theorem 4.2. (1) If a ^ 1 and a ^ 2 orb^Q, any central extension ofTSV{a,b) 

by a one-dimensional center Cc is of the following form: TSV(a, b) = TSV(a, b) © 
Cc and the non-trivial X-brackets are given as follows: 

(4.13) [LxL] = {d + 2X)L + {AX + BX^)c, 

(4.14) [LxY] = {d + aX + b)Y + {C + DX)c, 

(4.15) [FaA"] = (5 + 2X)M + EXc, 

(4.16) [LxM] = {d + 2{a - 1)A + 2b)M + {bE + (a - l)i;A)c, 
where A, B, C, D, E G <C and aC = bD. 

(2) If a = 2 and b — 0, any central extension ofTSV{2,0) by a one-dimensional 

eenterCc is of the following form: TSV (2,0) = T5'C(2,0)©Cc and the non-trivial 
X-brackets are given as follows : 

(4.17) [LxL] = id + 2X)L + {AX + BX^)c, 

(4.18) [LxY] = {d + 2X)Y + {CX + DX^)c, 

(4.19) [YxY] = {d + 2X)M + {EX + FX^)c, 

(4.20) [LxM] = {d + 2X)M + {EX + EX^)c, 

where A, B, C, D, E, F G C. 

(3) If a = 1 and 6 = 0, any central extension ofTSV{l,0) by a one-dimensional 
eenterCc is of the following form: T5'C(1,0) = T5'C(1,0) © Cc and the non-trivial 
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X-brackets are given as follows: 

(4.21) [LxL] = {d + 2X)L+{AX + BX^)c, 

(4.22) [LxY] = (5 + X)Y + (CA + DX‘^)c, [LxM] = dM, 

(4.23) [1a y] = (a + 2A)M + EXc, [YxM] = Fc. 

where A, B, C, D, E, F € C. 

Proof. By Remark [5^ TSV{a, h) is a quadratic Lie conformal algebra correspond¬ 
ing to the Gerfand-Dorfman bialgebra V{a,b). Since L = L o L, Y = Y o L and 
M = M o L, we obtain that for any x G V{a,b), there exist y, z gV (a, b) such that 
X = y o z. Therefore, by Proposition 14.11 we only need to determine all ao(x,y), 
ai{x,y), a 2 {x,y) and a 3 {x,y) satisfying (I4.5I1 - (I4.12|1 where x, y G {L,M,Y}. By 
some computations, we can obtain 

(1) If o 7 ^ 1 and a 7 ^ 2 or 5 7 ^ 0, we obtain (the other bilinear forms vanishing) 

a 3 {L,L) = B, aiiL,L)=A, ai{L,Y) = D, ao{L,Y) = C, ai{Y,Y) = E, 
ai{L,M) = {a-l)E, ao{L,M) = bE, 

for any A, B, C, D, E G C and aC = bD] 

(2) If a = 2, 6 = 0, we obtain (the other bilinear forms vanishing) 

a 3 {L,L)^B, ai{L,L) = A, asi^Y) = D, ai{L,Y) = C, 
a3(Y, Y) = a3{L, M) = F, ai{Y, Y) = ai{L, M) = F, 

for any A, B, C, D, E, F G C. 

(3) If a = 1, 6 = 0, we obtain (the other bilinear forms vanishing) 

a 3 {L,L) = B, ai{L,L) = A, a^iL.Y) = D, ai{L,Y)=C, 
ai{Y,Y) = E, ao{Y,M) = F, 

for any A, B, C, D, E, F G C. 

Therefore, by Proposition 14.11 this theorem holds. □ 

Corollary 4.3. (1) If a ^ 1, a ^ 2 and a, b are not equal to zero simultaneously 
or b ^ 0, there exists a unique non-trivial central extension of TSV[a,b) by a 
one-dimensional center Cc with the following non-trivial X-brackets: 

(4.24) [-^aF] = (i 9 -f 2X)L -\- 

(4.25) [LxY] = {d + aX + b)Y, 

(4.26) [YxY] = {d + 2X)M, [LxM] = {d + 2{a - 1)A -f 2b)M. 

(2) If a = b = 0, for any C, D G C and {C,D) (0,0), there exists a unique 

non-trivial central extension of TSV(0,0) by a one-dimensional center Cc with the 
following non-trivial X-brackets: 

[LxL] = {d -\- 2X)L -I- Y 2 
[LxY] = dY + {C + DX)c, 

[FaF] = (5 -1 2A)M, [LaM] = [d - 2X)M. 


(4.27) 

(4.28) 

(4.29) 
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(3) If a = 2 and b — 0, for any D, F £ C and {D,F) (0,0), there exists a 

unique non-trivial central extension of TSV{2,0) by a one-dimensional center <Cc 
with the following non-trivial X-brackets: 

(4.30) = (d + 2X)L + 

(4.31) [LxY] = {d + 2X)Y + DXh, 

(4.32) [YxY] = {d + 2X)M + FX^c, 

(4.33) [LxM] = {d+ 2X)M + FX^c. 

(4) If a = 1 and 6 = 0, for any D, F £ <C, and {D,F) ^ (0,0), there exists a 
unique non-trivial central extension of TSV{1,0) by a one-dimensional center <Cc 
with the following non-trivial X-brackets: 

(4.34) [LxL] = {d + 2X)L+^Xh, 

(4.35) [LxY] = {d + X)Y + DX'^c, [LxM] = dM 

(4.36) [YxY] = {d + 2X)M, [YxM] = Fc. 

Proof. (1) If 6 7 ^ 0, by Theorem 14.21 (1), replacing L, Y, M respectively by L + ^c, 
Y + ^c, M + .jC, we can \ei A = C = D = E = 0. If 6 = 0 and a 7 ^ 0, a 7 ^ 1, a 7 ^ 2, 
similarly, replacing L, Y, M respectively by L + ^c, Y + ^c, M + we can also 
\et A = C = D = E = 0. Since the central extension is non-trivial, by rescaling c, 
we can suppose B = Then, we obtain the result. 

(2) By Theorem l4.2l (1), replacing L, M respectively by L -I- ^c, M + we can 
make A = E = 0. But, we can not make C and D vanishing. Thus, this result is 
obtained. 

(3) and (4) can be similarly obtained. 

□ 

Remark 4.4. Define a, /3, 7 , 6, t, k, and w: TSV{a,b) ®TSV{a,h) C[A] by (all 

other terms are vanishing) 

(4.37) ax{L, L) = X\ Px{L, Y) = 1, ^x{L, Y) = A, 

(4.38) ex{L,Y)=X^, ix{L,Y) = X^, 

(4.39) kx{Y, Y) = kx{L, M) = X\ ojx{Y, M) = 1. 

Then, by Corollary 14.31 and the cohomology theory of Lie conformal algebra 
introduced in [ 2 ] and the above discussion, we obtain 

(1) If a 7 ^ 1, a 7 ^ 2 and a, b are non equal to zero simultaneously or 6 7 ^ 0, 
H^{TSV{a,b),C) = Ca. 

(2) H^{TSV{0,0),C) =Ca®CP®C'y. 

(3) H^{TSV{2,0),C) =Ca®Ci®CK. 

(4) H^{TSV{1, 0), C) = Ca © C 6 I © Cw . 


10 


YANYONG HONG 


Theorem 4.5. Any central extension ofTSV{c) by a one-dimensional center <Cc 

is of the following form: TSV{c) = TSV{c)(B<Cc and the non-trivial X-brackets are 
given as follows: 

(4.40) [LxL] = {d + 2X)L + (oiA + asX^^, 

(4.41) [L^Y] = (a + + c)Y + i^c + A)6ic, 

(4.42) [YxY] = -{d + 2X){d + 2c)M - 2coAc, 

(4.43) [LxM] = {d + 2c)M + cqc, 
where ai, 03 , bi, cq € C. 

Proof. By (14.IL (14.21) and (ig . we only need to determine ax{L,L), ax{L,Y), 
axiL,M), ax{Y,Y), ax{Y,M), ax{M,M). 

Replacing a, 6, c by L in (14.31) . we obtain 

(4.44) (A + 2yd)ax{L, L) - (^ + 2A)a^(L, L) = [X - fi)ax+^,{L, L). 

Set ax{L,L) = ^ a„ ^ 0. If n > 1, by comparing the 

coefficients of A", one gets (n — 3)ant.i = 0. Thus, n = 3. Now, we have ax{L, L) — 
oo + oiA + a 2 X^ YasX^. By (14.21) and (14.441) . we can obtain ax{L, L) = oiA + osA^. 
Taking a = 6=L, c=Fin (14.31) and by (14. 1|) and (14.2L one has 

(4.45) (A + + c)ax{L, T) - (^ + ^A + c)a^{L, Y) 

= (A - fi)ax+t,iL,Y). 

Assume that ax{L,Y) = '^'^gbiX'’ € C[A] with 6^ ^ 0. If m > 1, by comparing 
the coefficients of A™ in (14.451) . one has ((| — m)fi + c)bm = 0, which gives bm = 0. 
Thus, ax{L,Y) = bo + biX. Inserting this into (14.451) leads to bo = |c6i and thus 
ax{L,Y) = 6i(|c+ A). 

Letting a = L, b = L and c = M in (14.31) . we get 

(4.46) (A + 2c)ax{L, M) - + 2c)a^(L, M) = (A - ^i)ax+t,iL, M). 

Set ax{L,M) = ^ Cs ^ 0. If s > 1, comparing the coefficients 

of A®, we obtain 2ccs — Cs(s — l)/x = 0. Thus, s < 1. Then, plugging ax{L,M) = 
Co + ciA into (I4.46L we get cci = 0. Thus, when c = 0, ax{L,M) = co + ciA. 
Otherwise, ax{L,M) = cq. 

Furthermore, taking a = L, b = c = Y in (14.31) . we obtain 

(4.47) —(A + 2/i)(A + 2c)ax{L, M) — (^ + -A + c)a^(Y, Y) 

= (^A-Ai + c)aA+^(T,T). 

Then, we discuss it in two cases, i.e. c = 0 and c ^ 0. If c = 0, we have known 
ax{L,M) = Cq + ciA. Assume that ax{Y,Y) = ^ 

Then, (14.471) becomes 

3 , * 

— (A + 2/i)A(co + Cl A) — {fi+ -A) di/r* 

i=0 

1 * 

= ( 2 "*^ “ 7*) X/ 7*)*' 

i=0 


(4.48) 
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Obviously, by (j4.48|l . we get t <2. Then, taking a\{Y,Y) = do + diX + d 2 X^ into 
(14.481) and by some simple computations, one has do = 0, di = — 2co, d 2 = c\ = 0. 
Thus, ax{L,M) = cq, ax{Y,Y) = -2coX. If c 0, taking ax(Y,Y) = Yn^odiX^ € 
C[A] with dt ^ 0 into (14.4711 and with a similar discussion, we obtain a\{Y,Y) = 
—2co A. 

Finally, replacing a, b, c by L, M, M and L, Y, M respectively in (14.31) . we get 
-(^ + 2c)a^{M, M) = (-A - ^ + 2c)aA+^(M, M), 

-(^ + 2c)a^(F, M) = {^X- ^ +c)ax+^{Y,M). 

It follows that ax{M, M) = ax{Y, M) = 0. Then, it is easy to see that (14.311 holds 
in other cases. 

By now, the proof is finished. 

□ 


Corollary 4.6. // c ^ 0, there exists a unique non-trivial central extension of 
TSV{c) by a one-dimensional center <Cc with the following non-trivial X-brackets: 

(4.49) [LxL] = {d + 2X)L + ^Xh, 

(4.50) [LxY] = (a + ^A + c)y, [LxM] = (5 + 2c)M, 

(4.51) [YxY] =-{d + 2X){d + 2c)M. 

If c = 0, for any co € C\{0}, there exists a unique non-trivial central extension 
ofTSV(0) by a one-dimensional center <Cc with the following non-trivial X-brackets: 

(4.52) = (9 + 2X)L + 

(4.53) [LxY] = id+ ^X)Y, [LxM] = dM + cqC, 

(4.54) [YxY] = -{d + 2X)dM - 2coAc. 


Proof. If c 7 ^ 0, by Theorem l4.51 replacing L, Y, M respectively by L+^c, F+|&iC, 
M + we can make oi = 6 i = cq = 0. Since the central extension is nontrivial, 
by rescaling c, we can suppose 03 = ^. When c = 0, by replacing L, Y respectively 
by L + ^c, Y + | 6 iC, we can let oi = 60 = 0. But, we can not make cq vanishing. 
Thus, this result is obtained. □ 


Remark 4.7. Define a and (3 : TSV{c) <^TSV{c) — >■ C[A] by (all other terms are 
vanishing) 

(4.55) ax{L, L) = X^ Px{L, M) = 1, /3a(F, Y) = -2A. 

Then, by Corollary 14.61 we get 
(1) If c yf 0, H^iTSVic), C) = Ca. 


(2) H^iTSV{0),C) =Ca®Cl3. 
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5. Conformal derivations and free conformal modules of rank one 

OF TSV{a, b) and TSV{c) 

In this section, we will study conformal derivations and free conformal modules 
of rank one of TSV{a,b) and TSV{c). 

First, we investigate conformal derivations of TSV{a,b) and TSV{c). 

From now on, denote by A the ring C[9] of polynomials in the indeterminate d. 

Definition 5.1. A conformal linear map between A-modules U and C is a linear 
map (j)\ : U A[X\ V such that 

(5.1) (j)\{du) = {d + X)4>\u, for all u £ U. 

We will abuse the notation by writing (j> : U ^ V any time it is clear from the 
context that f) is conformal linear. 

Definition 5.2. Let i? be a Lie conformal algebra. A conformal linear map d : 
i? —5- i? is called a conformal derivation of R if 

(5.2) d\[afj,b] = [(dAa)A+/x5] + [af^{d\b)], all a, b ^ R- 

The space of all conformal derivations of R is denoted by CDer(i?). For any 
a £ R, there is a natural conformal linear map ad a : i? —> i? such that 

(ad a)\b = [oa^], h £ R. 

All conformal derivations of this kind are called inner. The space of all inner 
conformal derivations is denoted by CInn(i?). 

Next, we begin to determine conformal derivations of TSV{a, b) and TSV{c). 

Theorem 5.3. (l)If a all conformal derivations of TSV{a,b) are inner, i.e. 
CDer{TSV{a,b)) = CInnlTSV{a,h)). 

If a = for any bg £ C\{0}, we can define a non-inner derivation R whose 
actions are given by R\{L) = b^M, R\{M) = R\{Y) = 0. Denote the vector space 
of all R by T. fFe get CDer(TSVi^,b)) = CInn{TSVi^,b)) ® T. 

(2) All conformal derivations of TSV{c) are inner, i.e. CDer{TSV(c)) = 
CInn{TSV{c)). 

Proof. (I) Assume that d is a conformal derivation of TSV{a, b). Suppose that 

(5.3) dx{L) = Ai{\,d)L + Bi{\,d)Y + Ci{\,d)M, 

(5.4) dx{Y) = A 2 (A, d)L + B 2 (A, d)Y + (72 (A, d)M, 

(5.5) dx{M) = A 3 (A, d)L + S 3 (A, d)Y + C 3 (A, d)Y, 

where AfiX, d), BfiX, d), CfiX, d) £ C[A, 9] for i G {f, 2,3}. 

Applying d\ to [L^L] = (9 + 2^)L, the left-hand side becomes 

d\\L^L\ = \{d\L)\j,.^iL\ + [Ly^{d\L)\ 

= {d Y2X Y2p)Ai{X,—X — p)L + {{a — l)d 
-l-a(A + p) — b)Bi (A, —A — p)Y + {(2a — 3)9 
-f2(a - I)(A + p)- 2b)Ci{X, -X - p)M 
-l-(9 -f 2/x) Ai (X, p d)L -\- (9-l- ap b)Bi {X, p d)Y 
-l-(9 -f 2(a — I)/i -f 25)C’i(A, p d)M, 
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while the right side becomes 

dx{{d + 2 ^jl)L) = dx{{d + 2 ^jl)L) 

= (5 + A + 2/r)(Ai(A, d)L + Bi(A, d)Y + Ci{X, d)M). 

By comparing the coefficients of the similar terms in the above equalities, we obtain 
(a + A + 2^)Ai(A,a) = {^ + 2X + 2^JL)Al{\-\- ^i) 

(5.6) +(9 + 2^) (A,/r + 9), 

(9 + A + 2/r)i3i(A, &) = ((a — l)i9 + a(A + /r) — 5)i?i(A, —A — /r) 

(5.7) +(9 + + 6 )i?i(A, /i + 9), 

(9 + A + 2^)C'i(A, 9) = ((2a - 3)9 + 2(a - 1)(A + ^l) - 26)Ci(A, -A - ^l) 

(5.8) +(9 + 2(a — l)/r + 26)Ci (A,/X + 9). 

Let Ai(A, 9) = J27=o where /i(A) € C[A] and /n(A) ^ 0. If n > 1, comparing 

the coefficients of 9" in ( 1 ^ . we get (A — nfi)fn{X) — 0, obtaining a contradiction. 
Thus, Ai(A, 9) = /o(A) + /i(A)9. Taking this into (15.6|) and by some computations, 
one can obtain /o(A) = 2/i(A)A. Hence, Hi (A, 9) = /i(A)(9 + 2A). With a similar 
method, from (j5.7l) and (j5.8L we can obtain that 

Hi (A, 9) = go{X) +5i(A) 9, where (a - l)go(A) = (aA - b)gi{X), 

C'i(A, 9) = ho(A) + /ii(A)9, where (a — ^)ho{X) = ((a — 1)A — b)hi{X), 

where go(A), gi(A), ho{X), hi{X) e C[A]. 

From the above discussion, we can get: 

If a 1 and a |, one has 

d\{L) = /i(A)(9 + 2X)L + (?i(A)(--— h 9)y 

a — 1 

(5.9) +/ii(A)( ^°~^^^~ V 9)M. 

a- 2 

If a = I, one gets 

(5.10) dx^L) = /i(A)(9 + 2X)L + go(A)H + /ii(A)(26 + d)M. 

If a = |, one has 

(5.11) dx{L) = /i(A)(9 + 2X)L + <7i(A)((3A - 2b) + 9)r + ho{X)M. 

Next, we discuss it in the three cases. 

If a y^ I and a ^ |, replacing d by d — ad{fi{—d)L + + ^ 2 a- 3 ^ 

get dA(L) = 0. Then, applying dA to [L^Y] = {d + ag + b)Y and using dx{L) = 0, 
by comparing the coefficients of L, Y, M, one can obtain 

(5.12) (9 + A + a/i + b)A 2 (A, 9) = (9 + 2 ^)H 2 {X, g, + 9), 

(5.13) (9 + A + + 6 )H 2 (A, 9) = (9 + a/x + b)B 2 {X, g + 9), 

(5.14) {d + X + ag + b)C 2 {X, 9) = (9 + 2(a - l)g + 2b)C2{X, g + d). 

Comparing the highest degrees of A in l|5.12L (I5.13|) and (15.141) . we can directly get 
H 2 (A, 9) = i? 2 (A, 9) = C' 2 (A, 9) = 0. Thus, dx{Y) = 0. Similarly, applying dx to 
[L^M] = (9 + 2(a — l)/x + 2b)M, we can obtain dx{M) = 0. Therefore, in this case, 
all conformal derivations are inner. 
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If a = 1, assume that 50 (A) = J27=o ~ ~ Yr=o^ ai+i(A — by. 

Then, replacing dhy d — ad{fi{—d)L + y{—d)Y — hi{—d)M), we get dx{L) = aoY. 
Then, similar to the first case, applying d\ to = (9 + /i + b)Y and using 

d\{L) = oqT, we obtain 

(5.15) (9 + A + /r + b)A2[\,d) = {d + 2^)A2{X, fj, + d), 

(5.16) (9 + A + ^ + b)B2{X, 9) = (9 + /r + b)B2{X, /r + 9), 

(5.17) (9 + X + fi + b)C 2 {X, d) = ao(d + 2X + 2^) + (9 + 2b)C2(X,pi + 9). 

Comparing the highest degrees of A in (15.151) , (15.161) and (15.171) , it is easy to see that 
^ 2 (A, 9 ) = B 2 {X,d) = C 2 (A, 9 ) = ao = 0. Thus, dx{L) = dx{Y) — 0. Similarly, 
applying dx to [Lf^M] = (9 + 2b)M, we can obtain dx{M) = 0. Therefore, in this 
case, all conformal derivations are also inner. 

If a = |, assume that ho(A) = YllLo bi{X — 26)* and let k{X) = &i+i(A — 

26)*. Then, replacing d by d — ad{fi{—d)L + 2gi{—d)Y + k(—9)M), we get dx{L) = 
b^M. Then, with a similar discussion as that in the second case, we can get dx{Y) = 
dx{M) = 0. Therefore, in this case, d = ad{fi{—d)L + 251 (—9)F + K{—d)M) + R, 
where R is defined by Rx{L) = b^M, RxiY) = Rx{M) = 0. Moreover, i? is a 
non-inner conformal derivation for any 69 S C\{0}. 

By now, the proof is finished. 

(2) Assume that d is a conformal derivation of TSV{c). Let dx{L) = i?i(A, 9)L + 
Fi(A, 9)y + Gi(A, d)M. Similar to that in (1), by applying dx to [L^L] = (9+2/r)L, 
we can obtain 


(9 + A + 2fi)Ei{X, 9) = (9 + 2A + 2g)Ex{X, -X - g) 

(5.18) +(9 + 2/i)ii/i (A,/r + 9), 

(9 + A + 2/r)Fi(A, 9) = (-9 + -(A + /r) — c)Ei{X, —X — g) 

(5.19) +(9 + —p. + 0 ) 7^1 (A, p. + 9), 

(5.20) (9 + A + 2/r)Gi(A,9) = (9 + 2c)(Gi(A,/x + 9) - Gi(A,-A -/i)). 

With the similar discussion that in (1), we can get 

(5.21) Gi(A,9) = /(A)(9 + 2A), £;i(A,9) = 5(A)(9 + 3A - 2c), 

(5.22) Gi(A,9) = 6(A)(9 + 2c), 

where /(A), 5 (A) and h{X) £ C[A]. 

Replacing d by d — ad{f{—d)L + 25 (—9)F — h{—d)M), we can get dx{L) = 0. 
Then, similar to that in (1), by applying dx to = (9+ |5 + c)F and = 

(9 + 2c)M respectively and using dx{L) = 0, one can obtain dx{Y) = dx{M) = 0. 
Therefore, all conformal derivations of TSV{c) are inner. □ 

Finally, we present a characterization of all free non-trivial rS'F(a, 6 )-modules 
and TS'F(c)-modules of rank one. 

Theorem 5.4. (1) If a y 1 or b y 0, all free non-trivial TSV{a, b)-modules of 
rank one over C[9] are as follows: 

= C[9]?;, Lxv = (9 + oA + f3)v^ Yxv = Mxv = 0,/or some a, ft G C. 
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In addition, all free non-trivial TSV(1,0)-modules of rank one over I2\d\ are as 
follows: 

Ma,p = C[i9]i;, Lxv = (9 + aX + f3)v, Y\v = 'yv, M\v = 0,/or some a, fd, ^ G C. 
(2)All free non-trivial TSV[c)-modules of rank one over C[9] are as follows: 
Ma,p = C[9]r, Lxv = (9 + aA + fd)v, Yxv = Mxv = 0,/or some a, P G <C. 

Proof. (1) Assume that 

(5.23) Lxv = f{X,d)v, Yxv = g{X,d)v, and Mxv = h{X,d)v, 
where f{X,d), g{X,d), h{X,d) G C[A, i9]. 

Since C[d]L is the Virasoro Lie conformal algebra, according to Proposition [2l8l 
we get that /(A, 9) = 0 or /(A, d) = i9+aA + /3 for some a, P G C. Since [L/Af] = 0, 
we have Yf^{Mxv) = Mx{Y^v). Therefore, we can obtain h[X,d g)g{g.,d) = 
g{ti,d + X)h{X,d), which implies degxh{X, d) = deggg{X,d) + degxh{X,d), where 
deg^h{X,d) is the highest degree of A in h{X,d). Thus, degdg{X,d) = 0, i.e. 
g{X,d) = A(A) for some A(A) G C[A]. Therefore, h{X,d) = B{X) for some 
B{X) G C[A]. Then, considering [YxY]x+fj,v = {{d + 2X)M)x+fj,v, we get 

(5.24) g{g, d + A)g(A, d) - g{X, d + g)g{n, d) = {X- g)h{X + g, d). 

Taking g{X,d) = A(A) and h{X,d) = B{X) into (15.241) . we have (A — g)B{X) = 0. 
Therefore, h{X,d) = B{X) = 0, i.e. Mxv = 0. Thus, [LxM]x+fj,v = {{d + 2(a — 
1)A + 2b)M)x+fj.v = 0, [YxM]x+f.,v = 0 and [MaM]a+^o = 0 hold. Finally, by 
[LxY]x+f,v = {{d + aA + b)Y)x+f^v, we can get 

(5.25) (-A - ^ + oA + b)g(X d- g,d) = g{fi, X + d)f{X, d) 

-9{l^,d)f{X,n + d). 

Obviously, if f{X,d) = 0, g{X,d) = 0, which means this module action is trivial. 
Therefore, /(A, 9) = d d- aX d- p. Taking this and g{X,d) = A(A) into (15.251) . we 
obtain 

(5.26) {—g + (a — 1)A + b)A{X + /i) = —A{fj.)fj.. 

Obviously, A{g) = 7 for some 7 £ C. Then, plugging it into (|5.26|) . we can get: If 
a ^ 1 or 5 7 ^ 0, g{X, 9) = 7 = 0; if a = 1 and 6 = 0, g{X, 9) = 7 for any 7 G C. 

Now, the proof is finished. 

(2) Assume that the module action of TSV{c) on C[9]r is defined by (j5.23l) . 
According to that in ( 1 ), with the same discussions on [LxL]x+fj.v = ((9+2A)L)a+^u 
and [YxM]x+fiV = 0, we get that /(A, 9) = 0 or /(A, 9) = 9+aA + /3, g{X, 9) = A(A) 
and 6 (A, 9) = B{X) for some a, p G C and A(A), B{X) G C[A]. 

Applying \YxY] = — (9 +2A)(9 +2c)M to v, we can obtain YxiY^v)— Y^fYxv) = 
(—(9 + 2A)(9 + 2c)M)x+fiV. From this, we can deduce that g{X,d)g{g, X + 9) — 
g{fj,, d)g{X,fid- 9) = —(A — /i)(—A — gd- 2c)h{X + g, 9). Taking g{X, 9) = A(A) and 
h{X,d) = B{X) into the above equality, we get —{X — g,){—X — g.d-2c)B{Xd-fj,) = 0. 
Thus, 6(A,9) = B{X) = 0. Then, by [LxY]x+^j,v = ((9 + |A + c)Y)x+fj,v, with a 
similar discussion as that in (1), we have /(A, 9) = dd-aXd-P and ^(A, 9) = A{X) = 
0. Then, [LaM]a+^u = ((9 + 2c)M)a+^u = 0,[YxM]x+^,v = 0 and [MaM]a+^u = 0 
hold, which concludes the proof. □ 
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